We introduce the notions of multiplier C*-category and continuous bundle of C*-categories, as the categorical analogues of the corresponding C*-algebraic notions. Every symmetric tensor C*-category with conjugates is a continuous bundle of C*-categories, with base space the spectrum of the C*-algebra associated with the identity object. We classify tensor C*-categories with fibre the dual of a compact Lie group in terms of suitable principal bundles. This also provides a classification for certain C*-algebra bundles, with fibres fixed-point algebras of O d .
Notation and Keywords.
Let X be a locally compact Hausdorff space. We denote by: C 0 (X), the C*-algebra of (C-valued) continuous functions on X vanishing at infinity; C b (X), the C*-algebra of bounded, continuous functions on X ; C(X), for X compact, the C*-algebra of continuous functions on X ; C U (X), for U ⊆ X open, the ideal in C 0 (X) of functions vanishing on X − U ; C x (X) := C X−{x} (X), x ∈ X . If {X i } is a cover of X , then we denote X ij := X i ∩ X j , X ijk := X i ∩ X j ∩ X k .
If A is a C*-algebra, we denote by autA (resp. endA) the set of automorphisms (resp. endomorphisms) of A, endowed with the topology of pointwise convegence. A pair (A, ρ), where ρ ∈ endA, is called C*-dynamical system. If (A, ρ), (A ′ , ρ ′ ) are C*-dynamical systems, a C*-algebra morphism α : A → A ′ such that α • ρ = ρ ′ • α is denoted by α : (A, ρ) → (A ′ , ρ ′ ).
Finally, for every d ∈ N we denote by U(d) the unitary group, and by SU(d) the special unitary group.
C 0 (X)-algebras.
Let X be a locally compact Hausdorff space. A C 0 (X)-algebra is a C*-algebra A endowed with a non-degenerate morphism from C 0 (X) into the centre of the multiplier algebra M (A) ( [21, §2] ). It is customary to identify elements of C 0 (X) with their images in M (A). We call C 0 (X)-morphism a C*-algebra morphism commuting with the above C 0 (X)-action; in particular, we denote by aut X A (resp. end X A) the set of C 0 (X)-automorphisms (resp. C 0 (X)-endomorphisms) of A. It can be proved that C 0 (X)-algebras correspond to upper-semicontinuous bundles of C*-algebras with base space X ( [26] ); in particular, every continuous bundle of C*-algebras ([9, Chp.10], [22] ) is a C 0 (X)-algebra. The fibres of A are defined as the quotients A x := A/(C x (X)A), x ∈ X . We denote by ⊗ X the minimal C 0 (X)-algebra tensor product [21, §2] . If A, B are C 0 (X)-algebras, a C 0 (X)-Hilbert A-B -bimodule is a Hilbert A-B -bimodule M such that af ψb = aψf b , f ∈ C 0 (X), a ∈ A, b ∈ B , ψ ∈ M.
bi-Hilbertian bimodules.
The following notion appeared in [18] . Let A, B be C*-algebras, M a Hilbert A-B -bimodule such that the C*-algebra K(M) of compact, right B -module operators is contained in A. Then, besides the usual B -valued scalar product ·, · B , there exists an A-valued scalar product ψ, ψ 
Bundles.
For standard notions about vector bundles, we refer to the classics [2, 20, 29] . In the present paper, we will assume that every vector bundle is endowed with a Hermitian structure (see [20, I.8] ). If X is a locally compact Hausdorff space, we denote by vect(X) the category having as objects vector bundles with base space X , and arrows vector bundle morphisms. In the present work, we will also deal with Banach bundles in the sense of [15] (i.e., bundles of Banach spaces that are not necessarily locally trivial). About the related notion of continuous field of Banach spaces, we refer to [9, Chp.10 ].
2 Multipliers, C 0 (X)-categories.
A category C not necessarily endowed with identity arrows is said to be a C*-category if every set of arrows (ρ, σ), ρ, σ ∈ obj C , is a Banach space such that the composition of arrows defines linear maps satisfying t ′ • t ≤ t ′ t , t ∈ (ρ, σ), t ′ ∈ (σ, τ ); moreover, an antilinear isometric cofunctor * : C → C is assigned, in such a way that t * • t = t 2 . Our C*-category C is said to be unital if every ρ ∈ obj C admits an identity arrow 1 ρ ∈ (ρ, ρ) such that t • 1 ρ = t, t ∈ (ρ, σ).
Functors between C*-categories preserving the above structure are said C*-functors; in particular, we will use the term C*-monofunctor, resp. C*-autofunctor, resp. C*-epifunctor in the case in which the given C*-functor induces injective, resp. one-to-one, resp. surjective Banach space maps on the spaces of arrows. If D is a C*-subcategory of C , then we use the notation D ⊆ C ; in such a case, every space (ρ, σ) D of arrows in D is a Banach subspace of (ρ, σ). Basic references for C*-categories are [12, 18] ; non-unital C*-categories have been considered in [24] . For the notions of subobjects and direct sums, we refer to [12, §1] . The closure for subojects of a C*-category C is the C*-category C s with objects E = E * = E 2 ∈ (ρ, ρ), ρ ∈ obj C , and arrows (E, F ) := {t ∈ (ρ, σ) : t = F • t = t • E} ; by construction, C s has subobjects. The additive completition of C is the C*-category C + with objects n-ples ρ := (ρ 1 , . . . , ρ n ), n ∈ N, and arrows spaces of matrices (ρ, σ) := {(t ij ) : t ij ∈ (ρ j , σ i )} ; by construction, C + has direct sums (see [24, 
Def.2.12]).
A (unital) C*-category with a single object is a (unital) C*-algebra. A C*-category with two objects is a bi-Hilbertian C*-bimodule, together with the conjugate bimodule.
Multipliers.
Let C be a C*-category. Then, every (ρ, ρ), ρ ∈ obj C , is a C*-algebra, and every (ρ, σ) can be endowed with the following structure of a bi-Hilbertian (σ, σ)-(ρ, ρ)-bimodule:
Let ρ, σ, ξ ∈ obj C ; according to the above-defined structure, we say that a bounded linear map T :
is satisfied for every a ∈ (ρ, ρ), b ∈ (σ, σ). We denote by M (ρ, σ) the set of multipliers from ρ into σ . Note that (2.1) implies T l = T r . In order to economize in notation, we define
so that (2.1) can be regarded as an associativity constraint:
For every ρ ∈ obj C , we also define 1 ρ a = a1 ρ := a, a ∈ (ρ, ρ). It is clear that 1 ρ ∈ M (ρ, ρ); we call 1 ρ the identity multiplier of ρ.
An involution is defined on multipliers, by
In the case ρ = σ , a composition law can be naturally defined: if A, A ′ ∈ M (ρ, ρ), then the maps
It is now clear that every A ∈ M (ρ, ρ) defines a multiplier of (ρ, ρ) in the usual C*-algebra sense, so that M (ρ, ρ), endowed with the above *-algebra structure, coincides with the multiplier algebra of (ρ, ρ), with identity 1 ρ .
Lemma 2.1. Let C be a C*-category. For every ρ, σ, τ ∈ obj C , there are maps
where (e 
Since by definition of approximate units e • t} λ converges to (Sb) • t 2 ∈ (ρ, σ). Note that the limit is unique, and that it does not depend on the choice of the approximate unit. The same argument applies for the net {t ′ • (e σ λ T )}, and this proves the lemma.
We can now introduce the composition law
, thus we can apply the previous lemma and perform the compositions S(T a), (cS)T .
A C*-subcategory I ⊆ C , with arrows (ρ, σ) I ⊆ (ρ, σ), ρ, σ ∈ objI = objC , is said to be an
. If I ⊆ C is an ideal, we write I ¡ C . In particular, I is said to be an essential ideal if every ideal of C has nontrivial intersection with I (i.e., (ρ, σ) I ∩ (ρ, σ) J = {0} for some ρ, σ ∈ obj C , J ¡ C ). Proposition 2.2. Let C be a C*-category. The category M (C) having the same objects as C , and arrows M (ρ, σ), ρ, σ ∈ obj C , is a unital C*-category. Moreover, the maps
Proof. It follows from Lemma 2.1 that M (C) is a C*-category, with units defined as by Ex.2.1. It is clear that I is a C*-functor; by well-known properties of multiplier algebras the maps I :
implies that I is a C*-monofunctor. Let now C ′ be a unital C*-category as above; we denote by (ρ, σ)
′ the spaces of arrows of C ′ (by definition of essential ideal, we identify obj C with obj C ′ ). For every w ∈ (ρ, σ) we define a multiplier M w ∈ M (ρ, σ),
In this way, we obtain a C*-functor I ′ : C ′ → M (C), w → M w , which reduces to I for arrows in C . In the case ρ = σ , we find that I ′ induces C*- 
In the case of C*-categories with two objects, we obtain a construction for bi-Hilbertian bimodules: Example 2.2. Let X be a locally compact, paracompact space, d ∈ N, and E → X a rank d vector bundle. We denote by Γ 0 E the C 0 (X)-module of continuous sections of E vanishing at infinity, and by Γ 0 (E, E) the C*-algebra of compact operators of Γ 0 E . Then, Γ 0 (E, E) is a continuous bundle of C*-algebras over X , with fibre the matrix algebra M d ; moreover, Γ 0 E naturally becomes a Hilbert Γ 0 (E, E)-C 0 (X)-bimodule. We consider the C*-category C with objects ρ, σ , and arrows (ρ, ρ) := C 0 (X), (σ, σ) := Γ 0 (E, E), (ρ, σ) := Γ 0 (E), (σ, ρ) := Γ * 0 E (i.e., the conjugate bimodule of Γ 0 (E)). Let Γ b (E, E) denote the C*-algebra of bounded, continuous sections of the C*-bundle associated with Γ 0 (E, E), and Γ b E the module of bounded, continuous sections of
A different approach to multiplier C*-categories can be found in [19] . Since the universal property Prop.2.2 is satisfied by the C*-categories introduced in the above-cited reference, the two constructions provide the same result.
C 0 (X)-categories.
Let C be a C*-category. For every ρ ∈ obj C , we denote by ZM (ρ, ρ) the centre of the C*-algebra M (ρ, ρ) of multipliers of (ρ, ρ). Definition 2.4. Let C be a C*-category, X a locally compact Hausdorff space. C is said to be a C 0 (X)-category if for every ρ ∈ obj C there is given a non-degenerate morphism i ρ : C 0 (X) → M (ρ, ρ), such that for every σ ∈ obj C , t ∈ (ρ, σ), f ∈ C 0 (X), the following equality holds:
In the sequel, we will drop the symbol i ρ , so that (2.6) simply becomes tf = f t.
The bundle structure.
Let X be a locally compact Hausdorff space, C a C 0 (X)-category, U ⊆ X an open set. The restriction of C over U is the C*-subcategory C U having the same objects as C , and arrows the Banach spaces (ρ, σ) U := C U (X)(ρ, σ) := span {f t, f ∈ C U (X), t ∈ (ρ, σ)} ; it is clear that C U ¡ C is an ideal, and that C U is a C 0 (U )-category. Let now W ⊆ X be a closed set. The restriction of C over W is defined as the C*-category C W having the same objects as C , and arrows the quotients (ρ, σ) W := (ρ, σ)/[C X−W (X)(ρ, σ)]. It is easily checked that C W is a C*-category, in fact composition of arrows and involution factorize through elements of C X−W (X)(ρ, σ), ρ, σ ∈ obj C . By definition, there is an exact sequence of C*-functors
In the case in which C b (W ) is a C 0 (X)-algebra (for example, in the case of X being normal), then C W may be described as the C*-category with arrows (ρ, σ) ⊗ X C b (W ), where ⊗ X is the tensor product with coefficients in C 0 (X) defined as in Sec.1.1.1. Moreover, C W has an obvious structure of C(βW )-category, where βW denote the Stone-Cech compactification of W .
Remark 2.1. Let C be a C*-category. Two objects ρ, σ ∈ obj C are said to be unitarily equivalent if there exists
We denote by obj u C the set of unitary equivalence classes of objects of C . Let now C be a C 0 (X)-category. By definition, the restrictions of C over open (closed) subsets of X have the same objects as C . In particular, this is true for the fibres C x , x ∈ X . Now, it is clear that the fibre functors map unitarily equivalent objects into unitarily equivalent objects. On the other side, ρ, σ may be unitarily equivalent as objects of every C x , x ∈ X , but this does not imply that ρ, σ are unitarily equivalent in C . Thus, the maps obj u C → obj u C x induced by the fibre functors are always surjective, but not injective in general.
Let F : C → C ′ be a C 0 (X)-functor. Then, for every x ∈ X there exists a C*-functor Proposition 2.6. Let X be a locally compact Hausdorff space, C a C 0 (X)-category, and {π x : C → C x } x∈X the set of fibre functors of C . For every ρ, σ ∈ obj C , t ∈ (ρ, σ), the norm function n t (x) := π x (t) , x ∈ X , is upper semicontinuous and vanishing at infinity; moreover, t = sup x∈X π x (t) .
Let C be a C 0 (X)-category. If the norm function n t is continuous for every arrow t ∈ (ρ, σ), ρ, σ ∈ obj C , then we say that C is a continuous bundle of C*-categories. In such a case, it follows from the above definition that the spaces of arrows of C are continuous fields of Banach spaces; in particular, (ρ, ρ) is a continuous bundle of C*-algebras for every ρ ∈ obj C . The proof of the following lemma is trivial, thus it will be omitted.
Lemma 2.7. Let X be a locally compact Hausdorff space, C a continuous bundle of C*-categories over X . Then, the closure for subobjects C s and the additive completition C + are continuous bundles of C*-categories. Remark 2.2. Let X be a locally compact Hausdorff space, C a continuous bundle of C*-categories over X , ρ, σ ∈ obj C . In the definition of continuous field by Dixmier-Douady, the vanishing-atinfinity property is not assumed for norm functions; as a consequence of this fact, if U ⊂ X is open and W := U is the closure, then the restriction η W (ρ, σ) defines a unique continuous field over U , i.e. the restriction η W (ρ, σ)| U in the sense of [9, 10.1.7] . In order to be concise, we definė
Local triviality and bundle operations.
Let C • be a C*-category; we define the constant bundle XC • as the C 0 (X)-category having the same objects as C • , and arrows the spaces (ρ, σ)
X of continuous maps from X into (ρ, σ) vanishing at infinity, ρ, σ ∈ obj C • (the structure of C 0 (X)-category is defined in the obvious way). In the case in which X is compact, we consider the spaces of continuous maps from X into (ρ, σ); if t ∈ (ρ, σ), then with an abuse of notation we will denote by t ∈ (ρ, σ)
X the corresponding constant map.
Let C be a C 0 (X)-category, C • a C*-category. We say that C is locally trivial with fibre The above definition implies that ρ • := α W (ρ), ρ ∈ obj C , does not depend on W ; in this way, every space of arrows (ρ, σ) is a locally trivial continuous field of Banach spaces with fibre (ρ • , σ • ), trivialized over subsets which do not depend on the choice of ρ, σ . It is clear that we may give the analogous definition by using open neighborhoods, anyway for our purposes it will be convenient to use closed neighborhoods, as the corresponding local charts map unital C*-categories into unital C*-categories. Example 2.3. Let A be a C 0 (X)-algebra. The C*-category with objects the projections of A, and arrows (E, F ) := {t ∈ A : t = F t = tE} is a C 0 (X)-category.
Example 2.4. Let C be a unital C*-category, X a compact Hausdorff space. The extension C*-category C X is defined as the closure for subobjects of the constant bundle XC . It turns out that C is a continuous bundle of C*-categories w.r.t. the C(X)-structure induced by XC (see [30] ).
Example 2.5. Let X be a locally compact Hausdorff space. Then, vect(X) (Sec.1.1.3) is a continuous bundle of C*-categories with fibre the category hilb of Hilbert spaces. If X is locally contractible, then vect(X) is locally trivial; in fact, if W ⊆ X is contractible then every vector bundle E → X can be trivialized on W . If X is not locally contractible, then in general vect(X) may be not locally trivial; in fact, it could be not possible to trivialize all the elements of vect(X) over the same closed subset.
Let X be a locally compact, paracompact Hausdorff space. We assume that there exists a locally finite, open cover {X i } and, for every index i , a continuous bundle of C*-categories C i over the closure X i , with C 0 (X ij )-isofunctors
In the previous expression, η i,Xij denotes the restriction epifunctor of C i over X ij . By hypothesis, the sets {obj C i } i are in one-to-one correspondence. We want to define a category C b , having the same objects as a fixed C k , and arrows the glueings of the continuous fields of Banach spaces {(α ik (ρ), α ik (σ))} i , ρ, σ ∈ obj C k , in the sense of [9, 10.1.13] (note that α ik (ρ), α ik (σ) ∈ obj C i , thus (α ik (ρ), α ik (σ)) is a continuous field over X i ). Since in the above reference open covers are used, for every index i we consider the restriction (α ik (ρ), α ik (σ))| Xi , and define the spaces of arrows (ρ, σ)
by definition, the elements t ∈ (ρ, σ) b are in one-to-one correspondence with families
We define an involution (t i ) * := (t * i ) and a composition (t
b is a C*-category. Now, our definition does not ensure that C b is a C 0 (X)-category, in fact the C 0 (X)-action on a continuous field of Banach spaces may be degenerate in the case of X being not compact. We define a C*-category C having the same objects as C b , and arrows the spaces (ρ, σ) :
We call C the glueing of the categories C i . By construction, C is a continuous bundle on X , satisfying the following universal property: for every index i there exists a C*-isofunctor
to be concise, in the previous equality we identified π i (resp. π −1 j ) with the restriction on C Xij (resp. C j,Xij ).
3 Tensor C*-categories.
Let T be a unital C*-category. As customary, we call tensor product an associative, unital C*-bifunctor ⊗ : T × T → T admitting an identity object ι ∈ obj T , in such a way that ι ⊗ ρ = ρ ⊗ ι = ρ, ρ ∈ obj T . In such a case we say that T is a tensor C*-category, and use the notation (T , ⊗, ι). For brevity, we adopt the notation ρσ :
is an Abelian C*-algebra with identity 1 ι . For basic properties of tensor C*-categories, we will refer to [12, 23] . For every ρ ∈ obj T , we denote by ρ the tensor C*-category with objects ρ r , r ∈ N, and arrows (ρ r , ρ s ); we call ρ the generating object of ρ.
Duals of locally compact (quantum) groups are well-known examples of tensor C*-categories. Another example, which will be of particular interest in the present paper, is the category vect(X), with X compact (Sec.1.1.3). The tensor product on vect(X) is defined as in [2, §1] , [20, §I.4] , and will be denoted by ⊗ X (no confusion should arise with the C(X)-algebra tensor product); note that (ι, ι) = C(X).
Example 3.1. Let A be a C*-algebra. Then, the set endA is endowed with a natural structure of tensor C*-category: the arrows are given by elements of the intertwiner spaces (ρ, σ) := {t ∈ A : tρ(a) = σ(a)t, a ∈ A} , ρ, σ ∈ endA, and the tensor structure is defined by composition of endomorphisms (see [14, §1] ).
DR-dynamical systems.
Let ρ ∈ obj T . Then, a universal C*-dynamical system is associated with ρ, in the following way (see [12, §4] for details). For every r, s ∈ N, we consider the inductive limit Banach space O r−s ρ associated with the sequence i r,s : (ρ r , ρ s ) ֒→ (ρ r+1 ρ s+1 ), i r,s (t) := t ⊗ 1 ρ , r ∈ N; in particular, O 0 ρ is the inductive limit C*-algebra associated with the sequence obtained for r = s. Composition of arrows and involution induce a *-algebra structure on
extends to an (isometric) automorphic action. We denote by O ρ the corresponding C*-algebra, called the Doplicher-Roberts algebra associated with ρ (DR-algebra, in the sequel). A canonical endomorphism ρ * ∈ endO ρ can be defined,
We denote by (O ρ , T, ρ * ) the so-constructed C*-dynamical system. By construction,
. The above construction is universal, in the following sense: if π : ρ → σ is functor of tensor C*-categories, then there exists a C*-algebra morphism . If E → X is a rank d vector bundle, then the associated DR-algebra is the Cuntz-Pimsner algebra O E associated with the module of continuous sections of E . It turns out that O E is a locally trivial bundle with fibre O d (see [30, §4] , [31, 33] ).
Tensor categories as C(X)-categories.
Let (T , ⊗, ι) be a tensor C*-category. We define X ι as the spectrum of the Abelian C*-algebra
note that (3.4) has identity 1 ι , thus X ι is compact. In the sequel, we will identify C(X ι ) with the C*-algebra (3.4). Proof. For every ρ ∈ obj T , we define the map i ρ :
, and T is a C(X ι )-category. The fact that ⊗ preserves the C(X ι )-action follows from the obvious identities
Remark 3.1. According to the notation of Sec.2.2, in the sequel we will write f t :
It follows from Prop.2.6 that for every x ∈ X ι there exists a fibre functor π x : T → T x . A structure of tensor C*-category is defined on T x , by assigning
It is easy to prove that ⊗ x is well-defined; in fact, if
This also proves that the fibre functors π x , x ∈ X , preserve the tensor product. More generally, the above argument applies for the restriction T W over a closed W ⊂ X ι : a tensor product ⊗ W : T W × T W → T W is defined, in such a way that the restriction epimorphism η W : T → T W preserves the tensor product. We say that T is a continuous bundle of tensor C*-categories if it is a continuous bundle w.r.t. the above C(X ι )-category structure. As a consequence of the above considerations, we obtain a simple result on the structure of the DR-algebra associated with an object ρ ∈ obj T . The proof is trivial, therefore it will be omitted; note that we make the standard assumption that the map t → t ⊗ 1 ρ , t ∈ (ρ r , ρ s ), r, s ∈ N, is isometric.
Proposition 3.2. Let T be a tensor C*-category (resp. a continuous bundle of tensor
C*- categories), ρ ∈ obj T . Then, O ρ is a C(X ι )-algebra. In particular,
if ρ is a (locally trivial) continuous bundle, then O ρ is a (locally trivial) continuous bundle of C*-algebras.
A tensor C*-category (T , ⊗, ι) is said to be symmetric if for every ρ, σ ∈ obj T there exists a unitary ε(ρ, σ) ∈ (ρσ, σρ) implementing the flip
, and satisfying certain natural relations (see [12, §1] ). In essence, the notion of symmetry expresses commutativity of the tensor product. It is well-known that duals of locally compact groups are symmetric tensor C*-categories. Remark 3.2. Let (T , ⊗, ι, ε) be a symmetric tensor C*-category. By definition, C(X ι ) ⊆ (ι, ι). On the converse, if z ∈ (ι, ι), ρ ∈ obj T , then by (3.6) we find z ⊗ 1 ρ = ε(ρ, ι) • (1 ρ ⊗ z) • ε(ι, ρ); since ε(ρ, ι) = ε(ι, ρ) = 1 ρ , we conclude z ∈ C(X ι ) and (ι, ι) = C(X ι ). For every x ∈ X ι , we denote by π x : T → T x the fibre epifunctor associated with T as a C(X ι )-category. By (3.5), every π x preserves the tensor product; moreover, by defining ε x (ρ x , σ x ) := π x (ε(ρ, σ)), we obtain that every T x is symmetric. By definition, the fibre functor π x preserves the symmetry.
Let ρ ∈ obj T . By [12, Appendix] , for every r ∈ N there is a unitary representation of the permutation group of r objects, which we denote by P r :
For every r ∈ N, we introduce the antisymmetric projection
Let ρ * ∈ endO ρ be the canonical endomorphism. It follows from (3.6) that ρ * is "approximately inner", in the sense that
(recall that t is identified with t ⊗ 1 ρ in O ρ ). For brevity (and coherence with (3.7)), in (3.8) we used the notation ε ρ (r, s) := ε(ρ r , ρ s ), r, s ∈ N. Let (T , ⊗, ι, ε) be a symmetric tensor C*-category. We denote by aut ε T the set of C*-autofunctors α of T satisfying
9)
t ∈ (ρ, σ), t ′ ∈ (ρ ′ , σ ′ ), ε(ρ, σ) ∈ (ρσ, σρ). In particular, let us consider the case T = ρ for some object ρ. We note that in order to obtain the third of (3.9) it suffices to require α(ε ρ (1, 1)) = ε ρ (1, 1) . Moreover, z ∈ aut ε ρ for every z ∈ T, where z is defined by (3.1). We denote by aut ε O ρ ⊂ autO ρ the closed group of automorphisms commuting with ρ * , and leaving every ε ρ (r, s) fixed, r, s ∈ N. If ρ is amenable in the sense of Sec.3.0.3, then by universality of O ρ we obtain an identification
In fact, every C*-autofunctor α ∈ aut ε ρ defines an automorphism of O ρ as in (3.3); on the converse, every β ∈ aut ε O ρ defines by amenability a C*-autofunctor of ρ. In the sequel we will regard aut ε ρ as a topological group, endowed with the pointwise-convergence topology defined on aut ε O ρ . The following notion will play an important role in the sequel.
Definition 3.3. Let (T , ⊗, ι, ε) be a symmetric tensor C*-category. An embedding functor is a C*-monofunctor i : T ֒→ vect(X ι ), preserving tensor product and symmetry.
The following definition appeared in [12, §2] . A tensor C*-category (T , ⊗, ι) has conjugates if for every ρ ∈ obj T there exists ρ ∈ obj T with arrows R ∈ (ι, ρρ), R ∈ (ι, ρρ), such that the conjugate equations hold:
The notion of conjugation is deeply related with the one of dimension. Let us define
then, it turns out that d(ρ) is invariant w.r.t. unitary equivalence and conjugation ( [12, §2] ). If T is symmetric, then (with some assumptions) d(ρ) = d1 ι for some d ∈ N. In the case T = hilb, then d is the dimension in the sense of Hilbert spaces. For further investigations about the notion of dimension, we refer the reader to [23, 18] .
Example 3.3 (Group duality in the Cuntz algebra).
The following construction appeared in [11] . 
It is well-known that the dual of G (i.e., the category of finite dimensional representations) is recovered by extending G w.r.t. direct sums. An automorphic action G → autO d can be constructed, by defining
Thus, every (H r , H s ) G coincides with the fixed-point space w.r.t. (3.14). We denote by O G the C*-subalgebra of O d generated by (H r , H s ) G , r, s ∈ N; it turns out that O G is the fixed-point algebra w.r.t. (3.14). Since G via (3.14) . Thus, G and the associated tensor C*-category G are recovered by properties of the C*-dynamical system (O G , σ G ), together with the inclusion
Let (T , ⊗, ι, ε) be a symmetric tensor C*-category. ρ ∈ obj T is said to be a special object if there exists d ∈ N, V ∈ (ι, ρ d ) such that
It turns out that V is unique up to multiplication by elements of T (see [12, §3] ). In the sequel, we will denote the above data by (ρ, d, V ). It is proved that the integer d coincides with the dimension of ρ ([12, Lemma 3.6]). Special objects play a pivotal role in the Doplicher-Roberts duality theory. In fact, tensor categories generated by special objects are in one-to-one correspondence with duals of compact Lie groups, in the case (ι, ι) ≃ C. Since in the sequel we will make use of such concepts at a detailed level, in the next Lemma an abstract duality is summarized for special objects. .14)).
i restricts to an isomorphism
(O ρ , ρ * ) ≃ (O G , σ G );
G is isomorphic to the stabilizer of
Proof. Point 1 is [12, Lemma 4.14]. Points 2,3,4,5 are proved in [12, Thm.4.17] . About point 6, let α ∈ aut ε ρ. Since ρ * (V ) = ε ρ (d, 1)V (recall (3.8)), we obtain
Thus, V * α(V ) is ρ * -invariant, and V * α(V ) ∈ (ι, ι) = C (see [12, Lemma 4.13] ). Now, α(P ρ,ε,d ) = P ρ,ε,d , so that
Let now λ ρ ∈ T, λ d ρ = z ρ . We define the automorphism β := λ ρ • α ∈ aut ε ρ, in such a way that
3.0.5 Twisted special objects.
Lemma 3.4 implies that tensor C*-categories generated by special objects correspond to duals of compact Lie groups G ⊆ SU(d) , in the case (ι, ι) ≃ C. In particular, by performing the embedding ρ ֒→ H d , we obtain that V corresponds to a normalized generator of the totally antisymmetric tensor product ∧ d H d . In the case in which (ι, ι) is nontrivial, the notion of special object is too narrow to cover all the interesting cases. For example, let us consider the category vect(X), where X is a compact Hausdorff space: if E → X is a rank d vector bundle, then it is well-known that the totally antisymmetric tensor product ∧ d E is a line bundle, in general non-trivial. The cohomological obstruction to get triviality of ∧ d E is encoded by the first Chern class of E . In the particular case in which ∧ d E is trivial, then we may find a (normalized) section, which plays the right role in the definition of special object. Since our duality theory will be modeled on vect(X), it becomes natural to generalize the notion of special object, in such a way to include the above-described case.
Let T be a symmetric tensor C*-category. A twisted special object is given by a triple (ρ, d, V), where ρ ∈ obj T , d ∈ N, and V ⊆ (ι, ρ d ) is a closed subspace such that for every V,
Note that V * V ′ ∈ (ι, ι), thus V is endowed with a natural structure of right Hilbert (ι, ι)-module. It is clear that VV * may be identified with the C*-algebra of compact, right (ι, ι)-module operators on V , and that P ρ,ε,d is the identity of V . The map i : (ι, ι) → K(V), i(f ) := f ⊗ P ρ,ε,d defines a left (ι, ι)-action on V ; note that (3.16(3) ) implies that i is surjective. From (3.16(3)) we also obtain that V is full, in fact
, so that every positive element of (ι, ι) appears as the square of the norm of an element of V . Moreover,
; since at varying of V in V we obtain all the positive elements of (ι, ι), we find that f = 0 , and the left action i is injective. We conclude that V is a bi-Hilbertian (ι, ι)-bimodule. Proof. The generalised Serre-Swan theorem proved in [8] implies that V is the module of continuous sections of a Hilbert bundle L ρ → X ι ; since K(V) ≃ C(X ι ), we conclude that L ρ has rank one, i.e. it is a line bundle. We now pass to prove the unicity; we consider a finite set of generators
The set of transition maps associated with 
By definition, usual special objects are exactly those with Chern class c(ρ) = 0 ; in such a case, V is generated as a (ι, ι)-module by an isometry V ∈ (ι, ρ d ). Let now W ⊆ X ι ; we denote by η W : T → T W the restriction epimorphism; by using the argument of Rem.3.2, for every ρ, σ ∈ obj T we define ε W (ρ, σ) := η W (ε(ρ, σ)), and conclude that (
Proof. It suffices to pick a closed neighborhood W trivializing L ρ : this implies the existence of a normalized section of L ρ | W , which appears as an element
Let A be a C*-algebra. Twisted special objects in endA have been studied in [32, §4] , and have been called special endomorphisms. 
Proof. As first, we prove that ρ is amenable. Let {X i } be an open cover trivializing L ρ , with a subordinate partition of unity {λ i }. We denote by ρ i the restriction of ρ on the closure X i , and by η i : ρ → ρ i the restriction epifunctor. Since L ρ | Xi is trivial, we find that (ρ i , d, V i ) is a special object, where 
, we conclude that t ∈ (ρ r , ρ s ), and ρ is amenable. We now prove that ρ is a continuous bundle. Since ρ is a twisted special object, we find that ρ * ∈ endO ρ is a quasi-special endomorphism in the sense of [32, Def.4.10] , with the additional property that the permutation symmetry [32, Def.1.1, §4.1] is satisfied. Thus, by applying [32, Thm.5.1,Cor.5.2], we find that O ρ is a continuous bundle, with fibres isomorphic to O G(x) , x ∈ X , where each G(x) ⊆ SU(d) is a compact Lie group. The same results also imply that ρ is a continuous bundle with fibres G(x) , x ∈ X . Let (ρ, d, V) be a twisted special object. Then, V appears as a Hilbert (ι, ι)-bimodule in O ρ , so that an inner endomorphism ν ∈ endO ρ is defined, in the sense of [31, §3] . In explicit terms, if {ψ l } ⊂ V is a finite set of generators for V , then
Since z(ψ l ) = z d ψ l , z ∈ T, we find that ν commutes with the circle action, i.e.
Continuity of tensor C*-categories.
The following notion is a generalization of the analogue in [12, §3] . We say that a symmetric tensor C*-category (T , ⊗, ι, ε) is T-specially directed if every object ρ ′ ∈ obj T is dominated by a twisted special object ρ ∈ obj T , i.e. there exist orthogonal partial isometries
If T has direct sums, subobjects and conjugates, then T is T-specially directed, with the additional property that every ρ ′ is dominated by a (non-twisted) special object (see the proof of [12, Thm.3.4 
]).
Theorem 3.9. Let (T , ⊗, ι, ε) be a symmetric tensor C*-category. Then, C(X ι ) coincides with (ι, ι). If T is T-specially directed, then T is a continuous bundle of symmetric tensor C*-categories over X ι .
Proof. In Rem.3.2, we verified that C(X ι ) = (ι, ι), thus it remains to prove that T is a continuous bundle. At this purpose, we consider ρ, σ ∈ obj T , t ∈ (ρ, σ), and prove the continuity of the norm function n t (x) := π x (t) , x ∈ X ι . Since n t (x) = π x (t * • t) 1/2 , with t * • t ∈ (ρ, ρ), it suffices to verify the continuity of n t only for arrows that belong to (ρ, ρ), ρ ∈ obj T . By Lemma 3.8, the norm function n t is continuous for every t ∈ (ρ r , ρ s ), r, s ∈ N, where ρ is a twisted special object. Since there is an obvious inclusion ρ n ֒→ ρ, the norm function remains continuous for arrows between tensor powers of twisted special objects. This implies that if we consider the full C*-subcategory T sp of T with objects tensor powers of twisted special objects, then T sp is a continuous bundle of C*-categories over X ι . By Lemma 2.7, we conclude that (T sp ) s,+ is a continuous bundle of C*-categories. Since T is T -specially directed, we find that every ρ ′ ∈ obj T is an object of (T sp ) s,+ , in fact ρ ′ is the direct sum of subobjects of ρ ni , i = 1, . . . , m, where ρ is a twisted special object. We conclude that the norm function of ρ ′ is continuous, and the theorem is proved.
Remark 3.3. An analogue of the previous theorem has been proved by P. Zito ([36, §3] ), in the setting of 2 -C*-categories with conjugates. In the above-cited result, no symmetry property of the tensor product is assumed. It is not difficult to prove that the bundle structure constructed by Zito coincides with the one of Thm.3.9, in the common case of symmetric tensor C*-categories with conjugates.
Remark 3.4. The fibre epifunctors π x , x ∈ X ι , considered in the previous theorem preserve symmetry and tensor product, thus every fibre T x has conjugates; moreover, π x (ι, ι) ≃ C for every x ∈ X . By closing each T x w.r.t. subobjects and direct sums, we obtain a tensor C*-category satisfying the hypothesis of [12, Thm.6 .1], which turns out to be isomorphic to the dual of a compact group G(x) . In particular, for each pair ρ, σ ∈ obj T , the fibres of the continuous field (ρ, σ) are the finite-dimensional vector spaces (
3.0.7 Local Triviality.
In the next definition, we give a notion of local triviality for a symmetric tensor C*-category, compatible with the bundle structure of Thm.3.9. Let (T • , ⊗ • , ι • , ε • ) be a symmetric tensor C*-category, X a compact Hausdorff space; then, the constant bundle XT • (Sec.2.2) has a natural structure of symmetric tensor C*-category,
Let now (T , ⊗, ι, ε) be a symmetric tensor C*-category. The fibres T x , x ∈ X ι , are symmetric tensor C*-categories having the same set of objects as T , in such a way that the fibre epifunctors π x : T → T x induce the identity map obj T → obj T x ≡ obj T (Rem.2.1); moreover, π x preserves tensor product and symmetry (Rem.3.2), and every T x , x ∈ X ι , has simple identity object. In explicit terms, there is a symmetric tensor C*-category (T • , ⊗ • , ι • , ε • ) with simple identity object, and a cover {X i ⊆ X ι } of closed neighborhoods with C*-isofunctors
. If X is a compact Hausdorff space, we denote by
the set of isomorphism classes of locally trivial, symmetric tensor C*-categories with fibres isomorphic to T • , and such that the space of intertwiners of the identity object is isomorphic to C(X).
, then T has the same objects as ρ • ; in order to avoid confusion, we will denote by ρ the object of T corresponding to ρ • , so that T is generated by the tensor powers of ρ, i.e. T = ρ.
In the following lines, we regard the topological group aut ε• ρ • (3.9) as the "structure group" for a locally trivial, symmetric tensor C*-category. Let K be a topological group. A K -cocycle is given by a pair ({X i } , {g ij }), where {X i } is a finite open cover of X and g ij : X ij → K are continuous maps such that g ij (x)g jk (x) = g ik (x), x ∈ X ijk . We say that cocycles
The set of equivalence classes of K -cocycles is denoted by H 1 (X, K). It is well-known that H 1 (X, K) classifies the principal K -bundles over X ( [17, Chp.4] 
Proof. Let ( ρ, ⊗, ι, ε) ∈ sym(X, ρ • ). Then, there are local charts π i : ρ Xi → X i ρ • , where {X i ⊆ X} is a cover of closed neighborhoods. Let X ij = ∅ ; then, every π i restricts in a natural way to a local chart π i,ij : ρ Xij → X ij ρ • . We define α ij :
. Now, the DR-algebra associated with ρ • (regarded as an object of X ij ρ • ) is the trivial field C(X ij ) ⊗ O ρ• ; we denote by π x : C(X ij ) ⊗ O ρ• → O ρ• the evaluation epimorphism assigned for x ∈ X ij . By (3.10), we may regard α ij as an element of aut ρ•,ε• (C(X ij ) ⊗ O ρ• ). In particular, α ij is a C(X ij )-automorphism, thus we may regard α ij as a continuous map
where t ∈ O ρ• , x ∈ X ij , and 1 ij ∈ C(X ij ) is the identity. Now, the obvious identity π i,ijk •π
k,ijk implies α ik = α ij • α jk (over X ijk ); thus, by applying (3.10), we conclude that the set {α ij } defines an aut ε• ρ • -cocycle. By choosing another set of local charts π
−1 which is equivalent to {α ij }, in fact
tensor C*-category with a C*-isofunctor F : ρ → ρ ′ , then {π i • F } is a set of local charts associated with ρ ′ ; thus,
j ) is a cocycle associated with ρ ′ . In other terms, we defined an injective map
On the converse, let {α ij } be an aut ε• ρ • -cocycle associated with a finite cover {X i } of closed neighborhoods. As a preliminary remark, we consider the obvious structure of symmetric tensor C*-category (3.18) on the trivial bundle W ρ • , W ⊆ X closed. With such a structure, every α ij defines a C*-autofunctor α ij : X ij ρ • → X ij ρ • preserving tensor product and symmetry, and such that α ij (ρ • ) = ρ • . We consider the set of symmetric tensor C*-categories {( 
where the families
• )) satisfy (2.9). Since each α ij preserves the tensor product, we find
so that the l.h.s. of (3.21) is actually an arrow in T ; thus, the tensor product on T is well-defined. For the same reason, the operators
define a symmetry on T . We denote by T := ( ρ, ⊗, ι, ε) the symmetric tensor C*-category obtained in this way. By construction, ρ is equipped with a set of local charts
j,ij (see (2.10)), thus the map i • is also surjective. 
from the previous lemma we conclude ρ ≃ X ρ • . We denote by P X,d ≃ X U(d) the unique (up to isomorphism) element of sym(X, U(d)).
Special categories.
Let G ⊆ U(d) be a closed group. We denote by N G the normalizer of G in U(d) , and by QG := N G/G the quotient group, so that we have an epimorphism 
The vertical arrows of the above diagram are group isomorphisms.
Proof. By Lemma 3.4, there are isomorphisms aut ε ρ ≃ aut θ G ≃ aut θ O G ; moreover, for every α ∈ aut ε ρ there exists u ∈ U(d) such that u • i = i • α . Now i(O ρ ) = O G , so that the previous equality implies that u ∈ autO d restricts to an automorphism of O G ; moreover, for every g ∈ G we find u • g • u * (t) = u • g( u * (t)) = u • u * (t) = t (3.24)
(we used u * (t) ∈ O G , and g ∈ aut OG O d ). Thus, we conclude that u • g • u * ∈ aut OG O d , i.e. ugu * = g ′ for some g ′ ∈ G; in other terms, u ∈ N G. Moreover, it is clear that ug • i = u • i = i • α , thus u ∈ N G is defined up to multiplication by elements of G. Moreover, note that u| OG = v| OG , u, v ∈ N G, implies uv * ∈ aut OG O d , i.e. uv * ∈ G. On the converse, if u ∈ N G, t ∈ O G , then g • u(t) = u • g ′ (t) = u(t) for some g ′ ∈ G, and this implies u ∈ aut(O d , O G ). We conclude that the map π( u) → p(u), u ∈ aut(O d , O G ), is an isomorphism. Definition 3.13. A special category is a locally trivial, symmetric tensor C*-category ( ρ, ⊗, ι, ε) with fibre ( ρ • , ⊗ • , ι • , ε • ), such that ρ • is a special object.
We emphasize the fact that a special category is locally trivial in the sense of Def.3.10, thus the local charts preserve tensor product and symmetry. This also implies that (ι • , ι • ) ≃ C. Proof. It follows from point (3) of Lemma 3.4 that the fibre of ρ is isomorphic to ( G, ⊗, ι • , θ), where G ⊆ SU(d) is a compact Lie group unique up to isomorphism. Note that G is amenable (see Ex.3.3). Let now ρ * ∈ endO ρ be the canonical endomorphism, so that (ρ r , ρ s ) ⊆ (ρ r * , ρ s * ), r, s ∈ N. We consider a cover of closed neighborhoods {X i } with local charts π i : ρ → X i G, and a partition of unity {λ i } subordinate to {Ẋ i } . Since G is amenable, every X i G is amenable; thus, if t ∈ (ρ r * , ρ s * ), then π i (λ i t) ∈ C 0 (X i , (σ r G , σ s G )) = C 0 (X i , (H r , H s ) G ). Since π −1 i (C 0 (X i , (H r , H s ) G )) is contained in (ρ r , ρ s ), we conclude that λ i t ∈ (ρ r , ρ s ). Thus t = i λ i t ∈ (ρ r , ρ s ), and ρ is amenable. By Thm.3.12 and Lemma 3.11 we obtain (3.25) . The assertions about O ρ follow from Prop.3.2.
For every T ∈ sym(X, G), we denote by QT ∈ H 1 (X, QG) the unique-up-to-isomorphism principal QG-bundle associated with T . The map (3.25) has to be intended as an isomorphism between sets endowed with a distinguished element, in the sense that Q(X G) coincides with the trivial principal QG-bundle X × QG.
Some particular cases follow. If QG is Abelian, then H 1 (X, QG) is a sheaf cohomology group ([16, I.3.1]); this allows one to define a group structure on sym(X, G). n is the n-sphere (i.e. X = S n+1 ), then sym(S n+1 , G) is isomorphic to the homotopy group π n (QG). Since σ G = G, the tensor category ρ ⊆ end X A (defined as in Ex.3.1) is an element of sym(X, G).
We will use the cohomological classification (3.25) to provide a complete description of such a phenomenon in geometrical terms. Given a special category T ∈ sym(X, G) and the associated principal QG-bundle QT ∈ H 1 (X, QG), our tasks will be the following:
1. determine which are the geometrical properties required for QT in order to find an embedding functor i : T ֒→ vect(X);
2. in the case in which there exists the embedding i , give a characterization of E and the dual object G in terms of geometrical properties of QT , and determine the dependence of E , G on i .
These questions have a natural translation in terms of C*-algebra bundles and C*-dynamical systems. If (A, ρ) is a C*-dynamical system as in Sec.4, one could ask whether there exists a vector bundle E → X with associated DR-dynamical system (O E , T, σ) (see Ex.3.2), such that there is a C(X) -monomorphism φ : (A, ρ) ֒→ (O E , σ). The existence of an embedding functor for ρ is equivalent to the existence of φ, and the obstrution for the existence can be encoded by a cohomological invariant.
